Multi-cell structures have widely been studied due to their excellent energy absorption ability. However, few systematic studies have been conducted on the topological design of cross-sectional configurations of thin-walled tubes. To make full use of the material, topology optimization of multi-cell hexagonal tubes was conducted under both axial compression and lateral bending loadings. A binary particle swarm optimization (PSO) was enhanced by introducing the mass constraint factor to guide the movement of particles, which could improve the success rate of obtaining the global optimum. It was found that the optimum designs under the axial load placed the material outward to strengthen the interaction between the outer and inner walls and created more partitions between the inside rib walls. While under the lateral load, all the optimum designs have diagonallyconnected elements to resist local deformation, and the material was also placed outward to increase the moment of inertia and thus to resist the global deformation. For the multiple loading cases, the final optimal designs are similar to the compression designs or combined designs from the two loading cases.
Introduction
Recently, structural crashworthiness, which is closely correlated to occupant fatalities, has drawn public attention due to a high customers expectation and rigorous regulation [1] [2] [3] . For this reason, thin-walled structures, such as multi-cell columns have been used as energy absorbers to dissipate the kinetic energy when a crash occurs. Considerable studies have been performed to investigate the crashworthiness of multi-cell tubes [4] [5] [6] [7] [8] . For example, Kim [9] compared new multi-cell configurations with conventional square sections and achieved superior crash performance from the multi-cell structures. Zhang et al. [10] [11] [12] investigated the crashworthiness of different multi-cell sections under the axial load. Yin et al. [13] proposed that the foam-filled multi-cell structures perform better than conventional structures. Najafi and RaisRohani [14] studied the crash behavior of different multi-cell and multi-corner configurations under the axial quasi-static load condition. Nia and Parsapour [15] investigated the energy absorption of simple and multi-cell square tubes and found that adding partitions at the corners helps to improve the crashworthiness. Qiu et al. [16] proposed four multi-cell hexagonal tubes and found that the multi-cell section with ribs connecting the internal and external walls outperforms other multi-cell structures. Qiu et al. [17] compared the Pareto frontiers of four multi-cell hexagonal tubes based on analytical solutions. Fang et al. [18] investigated the crashworthiness of four multi-cell square tubes under both axial and oblique loads. Additional studies [10, 11, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] also proved the superiority of multi-cell tubes over single-cell counterparts under the compression load. However, most of the studies were based on predefined multi-cell cross-sectional configurations, making it difficult to systematically investigate the optimal material distribution and further to explore the most efficient cross-sections. In this study, we use the topology optimization method to fully explore the possible design candidates and excavate the maximum potential of the multi-cell energy absorber.
In real-world collisions, the energy absorbers in a vehicle may be subjected to multiple loading cases, such as frontal, side and rear collisions [29] . Therefore, the vehicle crashworthy structure is expected to have at least satisfactory performance under multiple loading cases. In general, axial compression and bending loading cases are the two most common types of loads for vehicle structures. For example, frontal rails, crash boxes, and other frontal components are required to absorb energy efficiently under compression loads, while side-door beams, door sills, B-pillars and other side structures are designed for bending loads. The above-mentioned studies mainly focused on the crashworthiness of multi-cell structures under the axial load. To consider the bending load condition, Wang et al. [30] investigated the bending resistance of multi-cell square tubes and found that the number of partition plates significantly affects the bending resistance. However, the tubes with more partition plates do not necessarily have higher energy absorption efficiency. Yin et al. [31] demonstrated that the foam-filled multi-cell thin-walled structure (FMTS) with nine cells had a better performance than other cross-sectional configurations under the lateral load. Guo and Yu [32] explored the dynamic three-point bending behavior of foam-filled double cylindrical tubes and indicated that they performed better than the traditional single tubes in terms of specific energy absorption. Fang et al. [33] introduced axial and two transverse foam grading configurations and compared their crashworthiness subjected to lateral impact loading and found that the axial foam grading tube outperformed the other two configurations.
However, the majority of the previous work for crashworthiness design focused solely on either the axial or bending load conditions, which significantly narrows the application of the designed structures [29] . To address this issue, this paper will conduct topology optimization under multiple loading cases based on a modified particle swarm optimization (PSO) algorithm. PSO, which was proposed by Kennedy and Eberhart in 1995 [34, 35] , is a non-gradient approach that has proved to be suitable for solving highly non-linear problems such as crashworthiness. To avoid obtaining the local optima and to improve the performance of the algorithm, a number of different PSO algorithms have been proposed. To this end, some researchers [36] [37] [38] implemented diversity control to decline the tendency of swarms to converge to local optima. Other studies investigated the adaptive PSO parameters [39] [40] [41] to respond to the environmental information, or some have proposed a hybrid technique [42, 43] with other search approaches to take advantage of both strengths. However, few studies take into account the effect of the constraint in the PSO. In the crashworthiness design case, it was revealed that the optimum design tends to be located on the boundary of the mass constraint [44] . Therefore, a binary PSO algorithm is enhanced by using the mass constraint to guide the moving directions of the particles. In the paper, the topology optimization by using the binary PSO is a further study of our previous topology optimization for out-of-plane crushing of square multi-cell tubes [44] .
The rest of this paper is organized as follows. First, Section 2 describes the finite element model of the multi-cell structures under the two loading cases, while Section 3 proposes a modified particle swarm optimization algorithm. Section 4 describes the employment of the modified particle optimization algorithm used to conduct topology optimization for five selected configurations. The optimum designs obtained by the algorithm are then compared for the two loading cases. Finally, the paper will be summarized with results and conclusions in Section 5 .
Description of topology optimization for multi-cell hexagonal tube

Finite element (FE) model
According to Alavi Nia and Parsapour [45] , a hexagonal section can absorb more energy than a triangular or square section with the same mass and may be a better choice for an energy absorber. The cross-sectional configurations of multicell hexagonal tubes considered in this study are depicted in Fig. 1 . The first three configurations are proposed based on the findings of our previous studies [16, 17] . Sections 4 and 5 are composed of equally sized triangular cells (see Fig. 1 ). The length of these tubes is 300 mm. The width of the outer wall is 36 mm. The thickness of the outer wall is 0.5 mm for all the five sections. To maintain the same mass of the initial sections, the thicknesses of the inner ribs are set to be 0.5 mm, 0.4 mm, 0.36 mm, 0.39 mm, and 0.3 mm for Sections 1 -5 , respectively. From a topological point of view, the first three and the last two may appear identical, varying only in cell density. However, including more cells provides a greater chance of reaching the optimal design, but at the sacrifice of computational efficiency. The tradeoff between these two factors may need to be made in a real-life engineering application.
Axial compression and lateral bending loadings were applied to the above-mentioned multi-cell hexagonal tubes by using the explicit nonlinear finite element code, LS-DYNA [46] . For the axial compression loading condition ( Fig. 2 a) , the top end of the tube was impacted by the striker with a mass of 600 kg at an initial velocity of 15 m/s, while the bottom end was restrained to the rigid base. Fig. 2 b displays the lateral bending condition, where the two ends of the tube were supported by the rigid body and the center was impacted by a rigid punch with a mass of 124 kg at an initial velocity of 4.4 m/s. The distance between two rigid supports was 200 mm. The diameters of both punch and supports were 20 mm. Belytschko-Lin-Tsay reduced integration shell elements [47] with five integration points through the thickness was adopted to model the tube's outer and inner rib walls. The hourglass control was employed to avoid spurious zero energy deformation modes. Based on a mesh convergence study, the mesh size of tube specimens for the compression bending loading case was determined as 1.5 mm (see Fig. 3 a) and for the bending loading case was 2 mm (see Fig. 3 b) . "Automatic node to surface" option was utilized to simulate the interfaces between the tube and the striker and also between the tube and the rigid support. The other contact option "Automatic single surface" was used to model the contact between the tube's outer walls and inner ribs, thus to avoid interpenetration during buckling. The values of the Coulomb friction coefficient for all contact surfaces were set at 0.15 [12] . The tube is made of aluminum with the following mechanical properties: Young's modulus = 69 GPa, Poisson's ratio = 0.3, density = 2580 kg/m 3 , initial yield strength = 80 MPa and the ultimate strength = 173 MPa. The aluminum was assumed insensitive to the strain rate [33] and was modeled using an elastic-plastic material model 123 in LS-DYNA [25] .
To validate the FE modeling technique, the simulation result of the single-wall hexagonal tube model under quasi-static axial compression loading was compared with its theoretical solution. The cross-sectional dimensions and length of this tube were the same as initial topology sections and its thickness was set as 1.93 mm to maintain the same mass with initial topology sections. According to Zhang and Zhang [12] and Qiu et al. [17] , the analytical solutions of the average force for the single hexagonal tube can be expressed as,
where the σ 0 denotes the flow stress of the material, and B is the half length of the width. t 1 is the wall thickness of the tube. Based on the above equation, the average reaction force for this single hexagonal tube was calculated as 28.55 kN when the ratio of the effective crush distance to initial length ( k ) was set as 0.7. The average force obtained from the simulation model was 27.39 kN. It was observed that the relative error between the simulation model and analytical solution of average force was within 5%. In addition to the analytical solution, an experimental test reported in the literature [12] was used to validate the FE model for the single-wall hexagonal tube. The setup in the simulation was the same as that in the experimental test. As shown in Fig. 4 , the force-displacement curve in the FE simulation is in good agreement with the experiment. Therefore, the FE modeling technique in this paper is considered sufficiently accurate for further topology optimization. 
Description of topology optimization problem
As an energy absorber, the tube is expected to absorb as much energy as possible to reduce the kinetic energy transmitted to the occupants. Therefore, energy absorption ( EA ) is a commonly used crashworthiness design criterion,
where d is the crash displacement and F ( s ) is the instantaneous impact force at the crash distance s . In this study, EA c denotes the energy absorption under compression and is obtained when d is equal to 120 mm. EA b is the energy absorption under bending when d is 40 mm. In order to normalize the energy from the two loading cases, the following dimensionless efficiency coefficients EA c and EA b are introduced:
where EA c U and EA c L are the maximum and minimum, respectively, of EA for the axial compression loading case, while EA b U and EA b L denote the maximum and minimum, respectively, of energy absorption for the lateral bending loading case. Thus, EA c and EA b will vary between 0 and 1.
To take into account the effects of different loading cases, the weight factors λ c and λ b are introduced to reflect the relative importance of individual EA c and EA b , and the sum of the weight factors for the two loading cases is equal to 1:
The weight factors can be determined based on the usage of tube and/or experience. In this paper, different combinations of weight factors will be discussed in Section 4 .
The objective of topology optimization herein is to enhance the normalized energy absorption EA c and EA b while maintaining the total mass ( m ) under a threshold to achieve excellent crashworthiness and meet a lightweight criterion. Therefore, the optimization problem of multi-cell hexagonal tubes can be expressed as:
where x i ( i = 1, 2,…, n ) contains the binary design variables. x i = 1 means that the i th member is present and x i = 0 when the member is absent. m is the mass of the current design, while m 0 is the maximum mass when all x i = 1. The thickness of the outer wall was not a design variable and was fixed as 0.5 mm in this study. The mass ratio w was used to constrain the mass of the design, which was defined as the ratio of the mass of the optimum design to the maximum mass m 0 of the fully-populated design. To satisfy the lightweight requirement, the mass of the multi-cell structures was constrained in the topology optimization process. In this study, three mass ratios were considered: w = 30%, 40% and 50%.
In addition to the mass constraint, the connectivity condition was also taken into account in the design. Generally speaking, there are three kinds of disconnected cases as illustrated in Fig. 5 . f connectivity denotes the connectivity conditions for the multi-cell structure and was checked before the FE analysis. A penalty factor was applied to the design that violates the mass constraint or connectivity requirement. Overall, the fitness value for different designs in the optimization process can be evaluated as 
All designs w=30% w=40% w=50% Fig. 7 . Energy absorption versus mass ratio under lateral bending load for Section 1 .
Modified particle swarm (PSO) algorithm for topology optimization of multi-cell tubes
To investigate the relationship between optimum designs and their mass constraints, Section 1 with 8 design variables (see Fig. 1 ) was studied as an example. We performed the numerical analysis for all 256 ( = 2 8 ) possible designs under both axial compression and lateral bending loads. The energy absorptions of these designs under the two loading cases are depicted in Figs. 6 and 7 . Generally speaking, a large mass ratio w can absorb more energy. Specifically, the optimal solutions with the mass constraint w = 30%, 40%, and 50% are all close to the mass constraints, but not exactly on the constraint boundary as marked in Figs. 6 and 7 . This is due to the discrete property of this binary topology optimization problem. For this reason, the optimums tend to be located on the boundary of the mass constraint in the feasible design space. It was observed that there is no connected solution for Section 1 with the mass constraint of w = 30% because the allowed mass ratio is too low. To accelerate the optimization process, the mass effect was considered in the velocity update function of PSO. By pushing the optimal solution to the mass constraint boundary, it provides a higher chance of finding the optimum solution.
In this study, a modified binary particle swarm optimization (PSO) was used to find the optimal solutions for different multi-cell tubes. This algorithm works by producing a population of candidate solutions (namely particles), which have been successfully employed to solve real-world problems [48] [49] [50] [51] [52] [53] . Generally, these particles move around with the guidance of their local and global best positions within the search space to find the optimums. The velocity of particles' motion for the original PSO can be written as , are defined as the local and global optimums, respectively. r g and r p are random numbers between 0 and 1, which is used to introduce the stochastic process.
Based on the observations in Figs. 6 and 7 , the mass constraint effect is taken into account to improve the convergence of the algorithm. Therefore, for the modified PSO algorithm, the particle velocity can be calculated by
where the last term moves the particle toward the mass constraint boundary. In this study, the parameters for the PSO algorithm were set as φ p = φ g = 1.25, φ c = 1.00, and the inertial weight φ w = 0.73. The particle positions for binary variables can be determined by [54, 55] 
where r i is a random number between 0 and 1, and sig(v i,d+1 ) can be calculated as (11) As depicted in Fig. 8 , the procedure of modified PSO algorithm is described as:
(1) Set the PSO parameters, e.g. population size, acceleration factors, maximum generation, etc.; If fit (
Check if the termination criteria are met: if so, terminate the optimization process; otherwise t = t + 1 and return to
Step (3) .
To check the performance of the proposed modified PSO algorithm, the optimization results obtained from the original and modified PSO were compared in Table 1 . The success rate represents how many runs can obtain the global optimum out of five repeated runs, which was used to evaluate the performance of the original and modified PSO algorithms. It was observed from Table 1 that at least one run (out of five) can obtain the global optimum for both algorithms. More importantly, the modified PSO was found more robust in terms of the worst and average objective values and has a high success rate. In this study, the optimization was performed by directly coupling the FE model, which calls the FE analyses for function evaluations. Thus, the modified PSO is able to help to reduce the computational cost considerably by reducing the number of FE analyses.
The flowchart of the optimization process is depicted in Fig. 9 . The highlighted box in the figure is the modification of the original PSO. This optimization algorithm is mainly implemented in Matlab, coupled with finite element analysis using LS-DYNA. Since the binary design variables can only have a finite number of possible combinations, the history data for the previous designs are stored and checked every time before running an FE model, which can significantly reduce the computational time in the later cycle of the optimization process.
Topology optimization of multi-cell sections under axial and lateral loading cases
In this paper, the weighting factors in Eq. (6) were changed to consider the different loading conditions: the axial compression loading case (Case I), the lateral bending loading case (Case II) and the multiple loading case (Case III). 
Case I: optimization results under axial compression loading case
The energy absorption values EA and the optimal solutions for the single wall and multi-cell structures for Sections 1 -3 are depicted in Fig. 10 . The optimization was conducted based on the dimensionless efficiency coefficients EA ', but for the discussion purpose, energy absorption EA was used in Section 4 . The energy absorption values EA were obtained from the dimensionless parameters EA' based on Eqs. (3) and (4) . As shown in Fig. 10 , the number of design variables denotes the different structures: single wall structure (0 design variable), Section 1 (8 design variables), Section 2 (14 design variables) and Section 3 (17 design variables). Generally speaking, energy absorbing capacity increases with the increase of the number of design variables. However, E c of Section 1 is smaller than that of the single wall structure due to the discrete distribution of mass for multi-cell structures. Section 1 cannot fully take advantage of the mass within the allowable limit, as the single wall structure is exactly at the mass constraint. Specifically, as shown in Fig. 6 , with the mass constraint w = 40%, the mass ratio for the optimal solution is only 33.3%. Obviously, the greater mass constraint provides more design candidates and can achieve better crashworthiness performance (see Fig. 10 ). From Fig. 10 , the optimums tend to distribute their material outwards and also create more intersections between the inside rib walls. The optimal solutions of Sections 4 and 5 and their energy absorptions are plotted in Fig. 11 . Section 4 has 8 design variables and Section 5 has 14 design variables. It was observed that the optimal solution of Section 4 (8 design variables) is better than Section 2 (14 design variables), because the basic element of Section 4 is an equal-sized triangular cell, while the basic element of Section 2 is not. For Section 2 , as shown in Fig. 1 , some ribs are much longer than others, which makes it hard to fully use the allowed mass and difficult to connect the outside wall in order to satisfy the connectivity requirement. Generally speaking, Section 3 helps to make the full use of the allowed mass and distributes the material outward as much as possible. As shown in Fig. 11 , the final optimums arrange their materials at the corners and the middle of the outer wall. This is because the rib walls located at the corners can produce a higher force and thus absorb more energy. The other way to enhance energy absorption is to produce more intersections. From Fig. 10 , Sections 2 and 3 have a number of intersectional ribs inside of the tube. Through the comparative study of five multi-cell structures, Section 5 performs the best in crashworthiness because it can make full use of the allowed mass and thus has more feasible design candidates. Fig. 12 shows the deformation mode of the optimum for Section 5 under the compression load, which is the best configuration under the mass constraint of w = 50%. It was observed that this optimum solution yields a stable progressive collapse mode, which is considered as an efficient mode for energy absorption. It was also noticed the wavelength for this configuration is relatively small and thus more folds were produced in the axial crushing process, which also results in more energy absorption.
Case II: optimization results under lateral bending loading case
For the lateral bending loading case, the energy absorbing capacity is not only associated with the local deformation of the contact area, but also with the global deformation of bending as depicted in Fig. 13 . While the local deformation is more dependent on the local stiffness of the tube, the global deformation is more affected by the moment of inertia. To clarify the relationship between energy absorption and the moment of inertia under the lateral loading case, they are plotted in Fig. 14 for Sections 1 -3 and Fig. 15 for Sections 4 -5 . In these figures, the dashed lines show the moment of inertia, whose values are shown in the right ordinate, while the solid lines show energy absorption ( EA ), whose values are shown in the left ordinate. It was observed that the single wall tubes have a greater moment of inertia than the multi-cell tubes for the following two reasons. The first reason is that the mass of the single wall structure is the same as the mass constraint, but the mass of the multi-cell tube is discrete and may be far less than the mass constraint. The other reason is that the mass of the single wall tube is all distributed at the outer wall, which increases the moment of inertia. However, the single wall tube performs worse in resisting the local deformation, which is another important factor in the lateral impact case. For the multi-cell structures, all the optimum designs have diagonal components which help to resist local deformation. In these cases, the energy absorption abilities are more affected by the moment of inertia (from Figs. 14 and 15 ) . Furthermore, the energy absorptions of the optimal results are plotted in Fig. 16 for Sections 1 -3 and Fig. 17 for Sections 4 -5 . It was observed that diagonal components are always present in all of the optimal designs. These diagonal elements can increase the resistance to local deformation and thus enhance the energy absorption under lateral bending. Similar to the optimums under the axial compression load, the optimums under lateral bending tend to have a large mass. Again, a greater mass constraint provides more feasible designs.
From the above-mentioned discussion, the optimization tries to move the material outward under both the axial compression and lateral bending cases, while only the bending load tries to have more diagonal members in the section to resist local deformation of the contacting area. It should be noted that the optimal solutions show more improvement under the bending loading case than under the axial loading condition. This is because, under the compression load, more mass distributed on the outside of the tube will result in better performance. As a result, even the single wall structure performs well. However, in the case of bending, the diagonal elements can give considerable support for the whole section to resist the local deformation. In this case, the multi-cell is a significant improvement over the single wall structure.
Case III: optimization results under multiple loading cases
In the previous sections, the multi-cell tubes are optimized based on individual axial compression and lateral bending loading cases. However, in practice, it would be more beneficial to determine the optimal sections for multiple loading cases, which is the aim of this Section. For simplicity, the weight factors are determined to be 0.5 for each loading case. The realistic determination of weight factors for different load cases should follow the statistical data and/or occurrence frequency of the application component in real life [18] , which is however beyond the scope of this study. Table 2 compares the optimal sections under individual and multiple loading cases. It was observed that with the mass constraint of w = 30%, the optimal designs under multiple loading cases are the same as the optimal designs for the com- pression loading case. This is because that placing of material outward can strengthen the interaction between the outside wall and inside wall as well as improve the resistance of global bending by increasing the moment of inertia. Therefore, the optimum solution of the compression loading case performs reasonably well for the bending load. But the diagonal elements in the optimal designs of the bending loading case cannot contribute much in the compression loading case. For w = 40% and 50%, the optimums are either the same as the design under compression load or a combination of the optimal designs of the compression load and bending load. It indicates that with a low mass ratio, the compression load is dominant, while with a high mass ratio, both loading cases affect the optimal design. In the past, the difficulty in manufacturing complex components obtained from topology optimization prevented their usage in industrial application. However, the development of new manufacturing skills can fill this gap [56] . First, the stateof-the-art extrusion process could manufacture arbitrary cross-sectional members relatively easily without a significant increase in cost. This would make fabrication of multi-cell tubes with complex cross-sectional configurations straightforward [9] . In addition, Additive Manufacturing (AM) is capable of translating the complex solid model data into a 3D physical model [57] . Thus, more complex cross-sectional configurations can be manufactured by utilizing this technology.
Conclusions
In this study, the cross-sectional configurations of five multi-cell hexagonal tubes were topologically optimized by utilizing a modified particle swarm optimization (PSO) under multiple loading cases. The finite element model, which was constructed based on the non-linear finite element code LS-DYNA, was directly coupled with the modified PSO algorithm, aiming to maximize the energy absorption ( EA ) subject to the connectivity and mass constraints. By taking Section 2 under compression loading case as an example, the modified PSO was found to be robust in terms of the worst and average objective values and success rate of obtaining the global optimums. This algorithm was then utilized in the crashworthiness design of multi-cell tubes under axial compression and lateral bending cases, where the presence of the inner ribs was considered as design variables.
By comparing the optimal solutions, multi-cell tubes were found to perform better than the single wall tubes under both compression and bending loading cases. For different multi-cell structures, Sections 4 and 5 (with equally sized triangular cells) performed better than Sections 1 and 2 (with multiple radial layers) with the same number of design variables and the same mass constraint. Even Section 5 (14 design variables) performs better than Section 3 (17 design variables) in some cases. Although Sections 1 -3 have more intersections, which were demonstrated preferable for improving the energy absorbing capacity, the ribs located outside were much longer than the ribs located inside. Therefore, in some cases, it would be difficult to select these longer ribs while meeting the connectivity and mass constraints. Sections 4 and 5 have equally-sized cell elements and have more opportunities to distribute the material outward.
For different loading cases, optimization offered different topological configurations. Under the axial compression loadings, the optimums place the material outward to strengthen the interactions between the outside walls and inside wall and had more partitions between the rib walls. While for the bending load, the optimums had diagonal components to prevent local deformation, as well as to distribute the material outward to increase the moment of inertia and resist global bending. It is interesting to find that the optimal designs under multiple loading cases were the same as that under compression load when the mass ratio was low ( w = 30%). However, when the mass ratio became high, the optimal designs under multiple loading cases were more likely to create new configurations that combined the cross-sections of the compression load and bending load. The optimum solutions obtained from only one loading case may have inferior performances when subjected to the other loading case. By contrast, the optimum solutions of considering multiple loading cases can perform relatively well for both loading cases.
